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1 Introduction 

Geometers have been interested in finding canonical metrics on a Riemannian mani¬ 
fold for years. Probably, the best known problem on this topic is the Uniformization 
Problem, for compact surfaces, that assures that there exists a metric of constant 
Gaussian Curvature in each conformal class. For higher dimensions, a Japanese 
mathematician named Hidehiko Yamabe proposed a question, later known as Yam- 
abe’s Problem: 

Let ( M,go ) be a compact Riemannian manifold (without boundary) of dimension 
m > 3. Is there a metric g, conformal to go, having constant scalar curvature? 

In 1960, it was published an article HU, authored by Yamabe, with a proof of 
the statement. But in 1968, Trudinger found an error in Yamabe’s proof, and gave 

*The author is partially sponsored by CAPES-Brazil via Instituto de Matematica e Estatfstica 
da Universidade de Sao Paulo. 
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a complete argument for the existence of a solution to the problem for non-positive 
scalar curvature m ■ Only in 1989, the combined work of Aubin [2], Trudinger 
m, and Schoen H3, m lead a complete proof of the existence of a solution for 
the Yamabe problem in its full generality. It is known that the critical points of 
the Hilbert-Einstein functional F, restricted to the set of metrics on M having unit 
volume, are the Einstein metrics of volume 1 on M; and the critical points of F, 
restricted to the metrics conformal to g with volume 1 , are the constant scalar 
curvature metrics of volume 1 . 

From then on, many questions have been raised about uniqueness and multi¬ 
plicity of solutions, compactness and non-compactness of the set of solutions and 
so on. Moreover, variations of the problem have been proposed by several authors. 
Nowadays, a great amount of results on the Yamabe problem and its generalizations 
can be found in the literature. Our starting problem originates from an article of 
Lima, Piccione and Zedda m, where the authors studied local rigidity and multi¬ 
plicity of constant scalar curvature metrics in compact product manifolds, using a 
bifurcation result. Given a family {g s }se[a,b] of solutions for the Yamabe Problem, 
on the product manifold, the existence of a bifurcation instant s* gives an entirely 
new sequence (g n )n> o of solutions! The authors proved that if g St is a degenerate 
critical point of F, restricted to the conformal class (with unitary volume), s* is a 
candidate to a bifurcation instant. In fact, except for a finite number of instants s 
for which g s is degenerate, all the others are bifurcation instants. 

Bifurcation techniques in the Yamabe problem have been used in the case of col¬ 
lapsing Riemannian manifolds, and in the case of homogeneous metrics on spheres, 
see references 0ei There are several possible formulations of the Yamabe prob¬ 
lem in manifolds with boundary (M, 5 ). Here we consider the following: Let 
be a compact Riemannian manifold with boundary of dimension m > 3. The Yam¬ 
abe problem in (M,g) consists in finding a metric g, conformal to ~g, for which M 
has constant scalar curvature and dM has vanishing mean curvature. The question 
of existence and other aspects of solutions for the above problem have been studied 
in m. 0 , in, m, among others. Writing a metric conformal to g as g = u n ~ 2 g, 
then g is a solution with constant scalar curvature and vanishing mean curvature 
of the Yamabe problem on manifolds with boundary, if and only if the function u 
is a solution to the Neumann problem: 



where K is constant, Aj is the Laplacian operator of < 7 , Rg is the scalar curvature of 
g, Hg is the mean curvature of dM relatively to g, and ijg is the 5 -unit normal field 
along dM pointing inside of M. Solving the above problem is equivalent to finding 
critical points for the Hilbert-Einstein functional, F : A4 k ’ a (M) —> K., defined by 



restricted to the set of metrics in the conformal class of g having unit volume. 




Bifurcation of the Yamabe Problem 


3 


The aim of this paper is to determine multiplicity of solutions of the Yamabe 
problem in manifolds obtained as a product of a compact manifold (without bound¬ 
ary) and a compact manifold with boundary, via bifurcation theory. We consider a 
setup similar to the problem studied in reference m- We consider here the case of 
manifolds with boundary, which introduces new elements with respect to the theory 
developed in HU: given (Mi, g^), a compact Riemannian manifold with dM\ = 0 
and (M 2 ,g^ 2 -*) a compact Riemannian manifold with minimal boundary, both hav¬ 
ing constant scalar curvature, consider the product manifold, M = M\ x M 2 , whose 
boundary is given by dM = Mi x dM^. Let mi and m 2 be the dimensions of Mi 
and M 2 , respectively, and assume that dim(M) = to = TOi + m 2 > 3. For each 
s £ (0,+oo), define g s = g W ® sg^ a family of metrics on M. Then (. M,g s ) has 
constant scalar curvature, and the mean curvature of dM relatively to g s vanishes 
for all s > 0. 

The main difficulty faced in the transition from the case without boundary to the 
case with boundary was to find a result of uniqueness (to ensure rigidity) that can be 
well adapted to the case with boundary. We know several results about uniqueness. 
Escobar [B], for instance, proved that if there is a metric g with constant scalar 
curvature and vanishing mean curvature in the C fc,a -conformal class of an Einstein 
metric ~g, then g is Einstein. Moreover, if ~g is not conformal to the round metric, 
g is unique, except for homothety. We find more appropriate to adapt the result, 
proved by Lima, Piccione and Zedda [T2], which states that every C fc,a -conformal 
class of metrics of volume one has at most one metric of volume one and constant 
scalar curvature in a neighborhood of a non-degenerate metric with constant scalar 
curvature. 

The main results in this paper, Theorem 14. II and Theorem 14. 21 state that, when 
the scalar curvature of each factor (Mi,g^) is positive, i = 1,2, then there are two 
sequences (one tending to zero and the other one to + 00 ) of instants s* £ (0, + 00 ) 
such that the corresponding metric g s is the limit of a sequence of metrics of 
distinct solutions of the Yamabe problem. Precise definitions of these bifurcating 
branches of solutions will be given below. In particular, we have multiplicity of 
solutions to the Yamabe problem on the normalized conformal classes of these new 
metrics. For all other values of s, the family is locally rigid, which means that, 
locally, the metrics of the family are the unique solutions to the Yamabe problem, 
up to homotheties. 

The paper is organized as follows: in Section 2, we study the variational frame¬ 
work used for the bifurcation result. This framework is given by considering the 
Hilbert-Einstein functional restricted to the normalized conformal classes. In Sec¬ 
tion 3 we discuss some results about rigidity and bifurcation that are used to obtain 
the conclusions of this work. Finally, in Section 4, we can verify that, also in the 
case of manifolds with boundary, essentially the same results obtained by Lima, 
Piccione and Zedda m remain valid. 

The authors gratefully acknowledge the supervision of Prof. Paolo Piccione 
throughout the development of this work. 
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2 General Settings 

2.1 Manifolds and Conformal Classes 

Let (M, ~g) be a m-dimensional oriented compact Riemannian manifold with bound¬ 
ary dM ^ 0, m > 3. As the metric ~g induces inner products and norms in all spaces 
of tensors on M and Levi-Civita connection V of 5 induces a connection in all vector 
spaces of tensor fields on M, the space T k (T*M0T*M) of C fc -sections of the vector 
bundle T*M 0 T*M of symmetric (0, 2)-tensors of class C k on M is a Banach space 
with the norm 

IMIc* = max 

J=0,...,k 

and therefore, it is a Banach manifold. 

Given k > 3 and a £ (0,1], denote by A4 k,a (M) the set of all Riemannian 
metrics of class C k,a on M, in the sense that the coefficients of the metrics are 
C k ' 01 -functions on M. The set A i k,a (M) is an open cone of T k,a (T*M 0 T*M), so 
this is a Banach manifold itself and TgA4 k,a (M) = T k,a (T*M0T*M ), for a metric 
g£M k ’ a (M). 

Consider the open subset of the Banach space C k,a (M), 

C+ a (M) = {(/)£ C k,a (M) : 0 > 0} . 

Now, for each g £ A i k ' a (M), define the C fc,Q, -conformal class of g by 

[g]: ={#:^4 '“(M)}. 

Proposition 2.1. TheC k,a - conformal class of a Riemannian metric'g £ A i k,a (M) 
is an embedded submanifold of Ai k,a (M). 


max 

peM 


V 0) r(p) 


Proof. Given g £ A4 k,a (A I). Consider the injective map 

% :C+’ a (A/) —> M k ’ a {M) 

<P 1 —> <t>9 

whose differential (dZg)^ : C k,a (M) — > T fc,a (T*M 0 T*M) is injector and has a 
left inverse given by the linear bounded operator 

Jg : T k,a (T*M 0 T*M) —> C fc ’“(M) 

h 1 —> —tr -gh; 

m 

consequently 0. the image Im dl-g has a closed complement in T k ’ a (T*M 0 T*M) 
and ImZg = \g] is an embedded submanifold of A i k ’ a (M). ■ 

1 Let T : E —> F be a linear bounded operator between Banach spaces. If T admits a 
continuous right-inverse S : F —> E , then, ker T admits a closed complement; moreover, this 
complement is Im S. 
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In particular, [g\ is a Banach manifold with differential structure induced by 
C k ’ a (M) and its tangent space is 

Tg[g] = {^g^& C fe ’“(M)}, 

which can be identified with C k,a (M). 

For each g g J\4 k,a (M), denote by Ric-g the Ricci curvature and Rg the scalar 
curvature with respect to ~g. Let rfg be the unitary (inward) vector field normal to 
dM; denote by Hj the mean curvature of the boundary, induced by ~g. They are 
C fc_2, “-functions, Ric-g and R-g defined on M and Hj on dM. Let co-g be the volume 
form on M, with respect to g , and o-g the volume form induced on dM. 

The volume function defined on M. k ’ a {M) is 

V(s): = f Ug- 

Jm 

Observe that V is smooth and for each g g M k,a (M) and h g T-gM k,a (M) its 
differential is given by 

(dV)g{h) = i f tr g(h) u>g. (2.1) 

/ Jm 

We dehne 

M k ’ a {M ) 1 : ={g g M k ' a (M) : V(g) = l} 
to be the subset of unitary volume metrics in A i k,a (M). 

Proposition 2.2. _A/J fc, “(M)i is a smooth embedded submanifold of A4 k,a (M). 


Proof. Consider the smooth volume function V defined on M k,a {M). For g g 
M k,a (M) i, set h = g, then, from (12.111 we get: 

(dV)j(g) = \ j M tT l(9) ^3 = y v (5) = y ^ 0, 

the differential is surjective. So, M k,a {M)i = V _1 (l) is the inverse image of a 
regular value. Besides, the kernel (the tangent space TgM k,a (M) i), 

ker{(dV)g} = (h g TjM k ’ a (M) : f tr g(h) utg = 0 

l Jm 

has a closed complementary space; so the result follows. ■ 

Observe that if ~g g M. k ' a (M)\, the conformal metric cfg, for some (j> g C i ^ a {M) 1 
is not in A4 k,a (M) i, in general. Indeed, 
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So, for each g £ M. k ' a {M) i, we define 

[<?]i = = <t> e C+’"(M), (j)^ u>g = l| , 

which is an embedded submanifold of [<j]; the proof is similar to the Proposition ^. 21 
It is proved in m that [g\ i is an embedded submanifold of M k ’ a (M)i. 

Proposition 2.3. The C k,a -conformal class of metrics of unitary volume, \jg]i, is 
an embedded, submanifold of A4 k,a (M)i. Moreover, 

Tj[g\ i = Ug : ip e C fc -“(M), ip ^ = o|. 

Proof. As we know that C k f a (M) is a Banach manifold, for each ~g £ A / l k,a (M) i, 
we can define Vg : C k,a (M ) —» R by 

Vg{4>)- =V(#), 

a smooth function whose differential, for each ip £ T c f > C l p a (M) = C k,a (M ) is 

(dVg)*^) = T / ^3' 

z Jm 

Let <p £ C k,a (M') be such that Vg(<p) = 1. Take ip = p to see that (dVg)^(p) = 
Y 7 ^ 0, i.e., (dV-g) t / > is surjective; moreover, its kernel is complemented in C k,a (M), 
which implies that V^ 1 (l) is an embedded submanifold of 

Now, for g £ ( M) k,a (M)i define the smooth maps S : V^ 1 (l) —» A4 k,a (M)i 
and T : M k ' a {M) l —> C k ’ a (M) by 

S(P) = <t>9 and T(g) = — tr j(g). 

m 

Observe that S is an injective immersion and T is a smooth left-inverse for S. 
Besides that, Im ( dS has a closed complement. Therefore, \g\ i = Im S is an 
embedded submanifold of M k ’ a (M)i. 

Finally, if we take 0=1, S(l) = j we have 

TiV^(l) = {if £ C k,a (M) : if ^ = oj . 

As S is an immersion, Tg[g\ i = Im ( dS)i ; but, ( dS)<j,(ip) = ipg, for all p £ Vj 1 (1), 
ip £ T c / ) Vj 1 ( 1), then we obtain the desired expression for the tangent space, which 
can also be identified with 

Tj[g ]i = G C k ’ a (M) : J m *Pu w = oj . 
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Note that [p]i = M k,0i (M)\ fl [g\. In [12] it is also proved that M k,a (M)i is 
transverse to [g], so [g]i is an embedded submanifold of M k,a (M). 

Now, define the C k ’ “-normalized conformal class of a metric 7/ G A 4 k ’ a (M) by 


[g}° = {~ge[g\:H~ g = 0}. 


This is a non-empty set. Indeed, a result obtained by Escobar P7] assures that there 
is at least one metric with vanishing mean curvature in each conformal class , so 
given a conformal class [g] we can assume that H-g = 0. 

Proposition 2.4. The C k ’ a -normalized conformal class of~g can be identified with 
C+ a (M)° = {<p£ C+ a (M) : d^cj) = 0 on <9m} , 
which is a closed subset of C k,a (M). 


Proof. Let g = <f m - 2 g G [g]°. We denote with tilde all quantities related with g. 
-2 

Then ij = 4> m - 2 rfg and 


H = g lJ g{fi,\7 di dj) = g ij g{v,t r i:j d r ), 


but fr. = rr. + 1 (Sprf + Stdjcj) - g^cf) and Then, 


H = 


Hj + 


2 (to — 1) 

(rn — 2) 



_ m 

(f m ~ 2 



2 (to — 1) 
(to — 2) 



As H-g = 0 and cf> > 0, it follows that H = 0 if and only if =0. ■ 

We want to show that the C fe, “-normalized conformal class, [g]°, is a submanifold 
of the C fc,a -conformal class, [g\. To this aim we need the following Proposition which 
is an elementary version of a more general result that can be found in [151 Theorem 4, 
Ch. IV]. 

Proposition 2.5. There exists a continuous linear map 

T : C k,a {dM) —» C k+1 ’ a (M) 

such that, for f G C k,a (dM) the following properties are satisfied: 

(a.) -F(£) vanishes on dM; 

(b.) = £. 

Proof. Choose a finite set of local charts (U r , ip r ), r = 1,..., n on M satisfying the 
following properties: 

(a.) U r is an open subset of M , with U r fl dM ^ </> for all r; 
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(b.) U: = (J U r is an open neighborhood of dM ; 

r= 1 

(c.) <p r is a diffeomorphism from U r to R m_1 x [0, +oo) carrying U r (~1 dM onto 
I” 1 - 1 x {0}; 

(d.) {dtp r ) p (r)(p)) = for all p£U r n dM. 

Set Uo = M\dM, so that ( U r ) r =o,..., n is an open cover of M, and let (p r )”=o be 
a smooth partition of unity subordinated to such cover. Given £ £ C k,a (dM ), for 
all r, consider the function = £ o : R ,?l_1 — \ R, which is of class C k,a . Let 
F^ r : R m —> R defined by 

%0) = -^T I Zr(z)dz, 

%m J Q(x) 

m—1 

where, x = {x \,..., z m _i, x m ), Q( x) = J] [xi-\x m ,Xi + \x m ], z = (z i, .,z m - 1 ) 

i—1 

x m ^ 0. And F^ r (xi,... ,x m -i,0) = 0. A straightforward calculation shows that 
F^ r £ C fc+1,a (R m ). Let F r = F^ r o <p r ; clearly T r £ C k+1,a (U r ). Finally, define 
F{£):M —>Ras 

n 

HO- =Y,Pr- :F r. 

r—1 

It is easy to see that F(£) satisfies the desired properties. ■ 

Proposition 2.6. The C k,a -normalized conformal class, [</]°, is an embedded sub¬ 
manifold of [ 5 ]. 

Proof. Given 7j £ Ai k ’ a (M), let rfe be the unitary (inward) vector field normal to 
the boundary dM. Define 

Afg:[g\ —> C k ~ 1 ’ a (dM) 

4>V '—t 

So, A/A 1 ({0}) = \g]° and the differential (dA : C fc,a (M) —* C k ~ 1,a {dAI) is 
given by = d^ip, for all <jxj £ \g\ and ^ £ C k,a (M). Now, by the last 

Proposition, (cbadmits a bounded right-inverse, for all (jig £ \cj\. Therefore, 
the differential is surjective and its kernel, 

ker (d. hfg)tg = {^£ C k ' a {M) : d^if = 0} , 

has a closed complemented in C k,a (M). It follows that [</]° is an embedded sub¬ 
manifold of [(/]. ■ 

We can also combine both features of interest in the same conformal class, 
defining the C fc,Q -normalized conformal class consisting of metrics of volume one 

[5]? = {# : <t> G C+“(M), d m <l> = 0, [ eft uj = 1 

l J M 
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This is an embedded submanifold of Ai k,ol (M)i and an embedded submanifold of 
[g]. We can express [7/]° as [7/]° D Ai k,ol (M)i, for instance. The correspondent 
tangent space is identified with 

TMi = e C k ’ a (M)° : j m ip co-g = 0 j-. 

2.2 The Hilbert-Einstein Functional 

Consider the Hilbert-Einstein functional F : A4 k ’ a (M )i —> R given by 

F(g) = [ Kg (2-2) 

JM 

It is well-known that F is a smooth functional over A i k ’ a (M) and over [ 77 ]. Let g[t) 
be a variation of a metric ~g £ At fe,a (M) in the direction of h £ Tg-A4 k,a (A / f), that 
is, 77(0) = g and J^77(t)|t=o = h. Then we can calculate the first variation of the 
functional F, 

d f 

3F(g)h: = — F(g(t)) = / $Rg (t) ^((Ji 

al t =o J m 

where the first variation of scalar curvature is by 

<5%t) = 5 (g{t) ij R^t)) = 5g(tr R l3 {t)+g(t) l ^Ro(t) = -h''R,,U) ■ p /) 

whith Rij(t) denoting the coordinates of the Ricci tensor of the metric 77 (f). We 
have 

//"')/,>„!/) : Vi (v,/W - V l (g lm h lm )) , 

and 

<H(t) = 2 9 13 bijUg’ 

then 

= J (-hijRij + \g lJ KjR^j tOg + J^Vi (v,/W - V* (g lm h, m )') cjj, 

by Divergence Theorem, 

SF(g)h = ~J (hijRij - ^hijR^Ug- J (Vjh ij - V(f m h lm j) m ccj, 

where rg denote the coordinates of the inward unitary normal vector field, with 
respect to g, on the boundary. This expression can be written in a concise form as 

SF(g)h = - [ / RiCg- ]-Rgg : h\ u>g- [ (V jh v ) r]iOg+ [ (VtTgh,r)) o w . 

JM \ Z / q JdM JdM y 
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After some more calculations, we get 

SF(g)h = ~ J m (^RiOg - i Rg-g , hJj j*g - 2 (sHg + ^ {IIg, h)^j a g 

For compact Riemannian manifolds (without boundary) it is well-known that 
the critical points of F on A4 k (M)i are the Einstein metrics of volume 1 on M 
and if F is restricted to the C fc ’“-conformal classes of volume one [p]i, then the 
critical points are those metrics conformal to having unitary volume and constant 
scalar curvature. We are interested in critical points for the restriction to the 
normalized conformal classes, once we are dealing with manifolds with boundary. 

The critical points of F on [' g : ]° are those metrics conformal to "g, having unit 
volume, constant scalar curvature and vanishing mean curvature. Indeed, when we 
take h = iffg £ Tg\cj}\, the first variation becomes 

SF{g)i/;g = 


So, by the Fundamental Lemma of Calculus of Variations, 5F{g)i/jg = 0 for all 
4> £ C k ' a (M)° with null integral if and only if Rg is constant. 

If ~g £ M k,a (M)i is a critical point of F on [g]°, then (see [10]) the second 
variation of F is given by the quadratic form 

6 2 F(g)(ip) = ^ [ {{m-l)Ag4>-R^ijj ujg, 

z Jm 

where ^ G C k,a (M)° and has vanishing integral and g is nondegenerate if Rg = 0 
R— 

or m ^ 1 is not an eigenvalue of A g with Neumann boundary conditions. 

In fact, note that (to — l)A g — R gi as an operator from C k,a (M) to C fc-2, “, is 
Fredholm of index zero. Note that this operator carries the subspace 

1 p£C k ’ a (M):d rts .iP = 0, f i/j = 0 
Jm 

into the subspace of C k ~ 2,a consisting of functions with vanishing integral. It follows 
that 

(to - l)A g - Rg : Tg[g]x —► C k ~ 2 ’ a {M) 

is Fredholm of index zero. So, the quadratic form S 2 F('g){'ip]/,4 , Ji) is nondegenerate 

if and only if ker ((to — l)A g — R g ) = {0}; indeed, the kernel is non-trivial if and 

R— 

only if —fy is a non-zero eigenvalue of A g . 


Ric-g- -Rgg,ipg\ u-g 
im \ 1 / g 


Jm 
to — 2 


4'Rg - ^mi/jR-g ) Uj 

/ ipRgUg. 

Im 
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3 Local Rigidity and Bifurcation of Solutions of 
the Yamabe Problem 

3.1 Local Rigidity 

In this section we present a result obtained in [12] . written in a slightly different 
way to better suit our context. We refer to pJl Proposition 3 and Corollary 4] for 
details. The proofs are essentially the same. We begin with the following definition. 

Definition 3.1. Let ~g G A4 fe,a (M)i with constant scalar curvature R-g in M. We 
say that g is nondegenerate if either R-g = 0 or if is not an eigenvalue of 

R— 

A g, with the Neumann boundary condition d^f = 0. In other words, is not 

a solution of the eigenvalue problem 


f A gf = A/, on M 

I = °> 011 dM - 


(3.1) 


Proposition 3.1. Let g* G Ai k,a {M)\ be a nondegenerate constant scalar curva¬ 
ture metric. Then, there exists an open neighborhood U of~g * in Ai k ’ a (M)± such 
that the set 

S = {g G U : R-g is constant } , 

is a smooth embedded submanifold of A4 k ' a (M)i which is strongly transverse to the 
C k,a -normalized conformal classes. 


Proof. The proof is a direct application of [12] Proposition 1]. ■ 

Corollary 3.1. LePg * G A4 k,a (M)i be a nondegenerate metric on M with constant 
scalar curvature and vanishing mean curvature. Then, there is an open neighborhood 
U ofg. in A4 k,a (M)i such that every C k,a -normalized conformal class of metrics 
in J\4 k,a (M)i has at most one metric of constant scalar curvature and volume one 
in U. 


Proof. The fact that the manifold S is transverse to the normalized conformal class 
guarantees the local uniqueness of intersections. ■ 

3.2 Bifurcation of solutions 

Let M be a m-dimensional compact Riemannian manifold with boundary, m > 3. 
Define 

[a,b] —> M k ’ a (M) i, k> 3 

s '—> 9 S 

a continuous path of Riemannian metrics on M having constant scalar curvature 
Rg s and vanishing mean curvature Hg , for all s G [a, 6]. 
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Definition 3.2. An instant s* £ [a, b] is called a bifurcation instant for the family 
{Sslsek.ft] ^ there exists a sequence (s n ) n >i C [a, 6 ] and a sequence (ff n )n>i C 
A4 k ’ a (M)i of Riemannian metrics on M satisfying: 

(a) lim s n = s* and lim g n =g s £ M k ’ a (M)i; 

n—>oo n—> oo * 

0) 9n e [<? S J, but g n ^ g Snl for all n > 1; 

(c) g n has constant scalar curvature and vanishing mean curvature, for all n > 1 . 

If s* £ [a, 6 ] is not a bifurcation instant, the family {g s }se[a,b] is said locally rigid 
at s*. 

An instant s £ [a, 6 ] for which ^- 1 ) i s a non-vanishing solution of problem (13.11) 
is called a degeneracy instant for the family {g s }se[a, 6 ]- 

Theorem 3.1. Let M be a m-dimensional compact manifold, with boundary dM ^ 
0, to > 3, and let 

[a, b\ —> M k ’ a (M) 1 , k> 3 
S'—> g s 

be a C 1 -path of Riemannian metrics on M having constant scalar curvature Rg B 
and vanishing mean curvature Hg s . Denote by n s the number of eigenvalues of the 
Laplace-Beltrami operator A g , with Neumann boundary condition (counted with 

multiplicity), that are less than ,^-r) • Assume that, if s = a or s = b, = ® 

or it is not an eigenvalue of A g s and n a ^ rib■ Then, there exists a bifurcation 
instant s* £ (a, b) for the family {< 7 s } s e[a,b] • 

Proof. The result follows from the non-equivariant bifurcation theorem El Theo¬ 
rem A.2, Appendix A]. ■ 

Remark 3.1. Given a Riemannian manifold ( M,g ) with minimal boundary dM ^ 
0 , it is important to stress that for all s £ M. + , the manifold (M, s~g) also has 
minimal boundary, once H S g = Moreover, A S g = jAg, R S g = b Rj and 

rj S g = -±=r 7 . This means that the spectrum of the operator Aj— m f l , with Neumann 

boundary condition, is invariant by homothety of the metric. On the other hand, 

^sg = s-ujg. When needed we will normalize metrics to have volume 1 without 

R— 

change the spectral theory of the operator A-g — * , with Neumann boundary 

condition. 

4 Bifurcation of Solutions of the Yamabe Problem 
in Product Manifolds 

Let (Mi,g^) be a compact Riemannian manifold, with dAR = 0 and constant 
scalar curvature, and let (M 2 , < 7 * 2 ' ) ) be a compact Riemannian manifold with minimal 
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boundary and constant scalar curvature. Consider the product manifold, M = 
Mi x M 2 , which boundary is given by dM = M\ x 3M 2 . Let mi and m 2 be the 
dimensions of and M 2 , respectively, and assume that dirn(M) = m = mi+m 2 > 
3. For each s € (0, +oo), define g s = g W ® sg (© a family of metrics on M. Then 
{&}, C M k ’ a (M). 

The following statements, briefly justified, are valid. 

(a) ( M,g s ) has constant scalar curvature, for all s > 0, and its scalar curvature 
is given by 

Rg„ = Rg( 1 ) + R-s-gC*) = RgO) + ~Rg( 2 )- 

(b) Since we can identify the tangent space of the product manifold T( Pj9 ) M with 
the direct sum T p M\®T q M 2 , for p € Mi and q € M 2 , the interior vector field 
r/ s , normal to dM. can be written as 

Vs = 0 + A=V2, 

Vs 

where ?y 2 is the interior vector field normal to d M 2 . 

(c) The mean curvature of dM is zero, once we have 

Hg s = H sV ( 2 ) = —H-tjd) . 

(d) Laplace-Bcltrami operator, with respect to g s , is given by 

A g B = (Ag(l) ® /) + (JO A 5 (3) ) • 

(e) Consider the family {g s } s >o for the purpose of study bifurcation instants 
causes no loss of generality. In fact, s* is a bifurcation instant for the fam¬ 
ily { 5 « ® sgW} s>Q if and only if s* is a bifurcation instant for the family 

© 5* 2 '} s >o 011 The same is valid for degeneracy instants. 

Now, considering the remark at the end of previous section, {g s } s >o is a family 
of critical points of the functional 

F : M k ’ a (M )i —> R, 

restricted to [g]i, so it is a family of solutions with minimal boundary of the Yamabe 
problem in product manifolds. 

In order to investigate the existence of bifurcation instants for the family {g} s >o, 
we are interested in study the spectrum of the operator J s 
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whose domain is € C k ’ a (M)° : J if) ujg s = 01. Denote by 0 = p^ < p^ < 

p^ < ... the sequence of all distinct eigenvalues of A a), with geometric multi- 
fl) (2) ( 2 ) ( 2 s ) 

plicity nl', i > 0 , and by 0 = p 0 <p\ <p\ < ■ • ■ the sequence of all distinct 

eigenvalues of A^( 2 ), subjected to Neumann boundary condition, 


Aj(2)/ (2) = Pj 2) / (2) , on M, 

d V2 = 0, on dM, 


( 2 ) . ... ( 2 ) 

where j > 0, with p :j ’ the geometric multiplicity of p ~ , j > 0. Then, the spectrum 
of J s is given by 

£(J S ) = Wi,j -i,j>0,i+j>0}, 

where 

a iA s ) = Pi 1] + ~pf ] - [ ( ' R g^ + - R g (2 ^ ’ 

are the eigenvalues of J s , with Neumann boundary condition on dM, with geometric 
multiplicity equal to the product ■ 

We emphasize that eqj’s are not necessarily all distinct! 

Definition 4.1. Let i* and j, be the smallest non-negative integers that satisfy 


(i) R g w 
** ~ m — 1 ’ 



Rg( 2 ) 
m — 1 


We say that the pair of metrics (g*- 1 ) ,’g 1 ' 2 ' 1 ) is degenerate if equalities hold in both 
cases, that is, Ci m ,j m (s) = 0, for all s. In this situation, the operator J s is also called 
degenerate. 

We can state that, if R g d) < 0 or if 2 > < 0 and R g ( 2 ) = 0) then (gh),g( 2 )) is, 
certainly, non-degenerate. Observe also that, if (g^Kg^ 2 ^) is degenerate, zero is an 
eigenvalue of J s , for all s £ (0,+ 00 ), otherwise, there is only a discrete countable 
set, S C (0,+ 00 ), of instants s for which the operator J s is singular. First, we 
consider the case that both scalar curvatures are positive. 


4.1 The case of positive scalar curvature 


We are interested in studying the zeros of the function s i-P <Ji,j{s), as i,j vary. At 
first glance, we can already draw some conclusions; for instance, if the function cqj 
is not identically zero, for fixed i,j, it has at most one zero in (0, + 00 ). Let us write 


1 

II 

Rg(.l) | 1 / 

' (2) _ 

Rgi 

m— 1 s' 

Pj 

\ 

m - 

a i,j( s ) = 

_L ( p w _ 

Rg(2) 

\ 

S 2 V ' 

m — 1 

r 


Derive 
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R (2) 

so, o'; -(s) = 0 if and only if pf^ = —- if and only if R u ( 2 ) is a solution of (14.111 : 

J m — 1 a 

and if oY(s) = 0 for some s, then oY(s) = 0 for all s £ (0,+oo). Hence, o is 
strictly monotone or constant, so if it is not identically null (constant), it certainly 
has at most one zero (strictly monotone). 

Lemma 4.1. Assume that the pair (< 7 ^,< 7 ^) is non-degenerate and that 
R g (i),R^( 2 ) > 0, with Hg( 2 ) = 0. Then the functions Oij(s) satisfy the following 
properties. 


(a.) For all i,j > 0, the map s H > Oij(s) is strictly monotone in (0, +oo), except 

(■n .ft (1) (2) r?g(2) 

the maps Oij*, that are constants equal to p] - -—when p)f = —-— 


m — 1 


m — 1 


(b.) For if^i* and j ^ j*, the map Oij(s) admits a zero if and only if: 


• either j < j * and i> **, in which case Oij is strictly increasing, 

• or if j > j* and i < i*, in which case Oij is strictly decreasing. 

R C 1 ) 

(c.) If plf = —-—then Oi ty j does not have zeros for any j £ (0,+oo). 
/■H Rq(l) 

p\J > —-—then Oi*j has a zero if and only if j < j*. 

d(2) 

J 2 ) _ 


(d.) If p) ; = —-—, then Oi; does not have zeros for any i £ (0,+oo). 
J * m — 1 

p(2) > —then o t .• has a zero if and only if i < i*. 
m — 1 


If 


If 


Proof. The entire statement follows directly from a straightforward analysis of the 
expression 


Oij(s) 



1 / ( 2 ) _ 
s \ J m — 1 


Corollary 4.1. If {g^\g^) is nondegenerate, then the set S C (0,+oo), of in¬ 
stants s at which J s is singular, is countable and discrete. More precisely, it consists 
of a strictly decreasing sequence (s^) n tending to 0 and a strictly increasing un- 

/Q\ _ 

bounded sequence (s„ ) n . For all other values of s, J s is an isomorphism and in 
particular, the family {j? s } s >o is locally rigid at these instants. 


Proof. By Lemma l4.ll each function Oij has at most one zero, thus there is only a 
countable number of degeneracy instants for J s . Let stj be the zero of o,j , then 


0 < Sij = 


( 2 ) _ ^( 2 ) 
"j m -1 

Jl) _ R „W 

fi m — l 


Now, we study the behavior of these zeros in two cases: 
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if J > j* and * < i*, as j —> +oo, 


J2) 


©t(2) 




m— 1 


Pl 


(i) 


> Pi - 


TO — 1 


A 1 ) 

m-1 TO.-l 




+oo. 


• if i > ** and j < j*, as i —*• +oo, 


^ 2-7 — 


( 2 ) 

Pi 


Pi 1} 


< 


ilil ~ n « 

m-1 TO 


1 ? 


( 1 ) 


R-gC 2 ) 

TO — 1 


( 2 ) 

Pi 


0 . 


Therefore, all the zeros of the eigenvalues <Ji,j accumulates only at 0 and at +oo. Let 
s* £ (0, +oo)\S. Then, J st is an isomorphism, that is, 0 ^ E(J S *) or, equivalently, 


Ro 


TO — 1 


is not an eigenvalue of Ag s . So, g s * £ {fl s }s>o is a nondegenerate metric. 


It follows from Proposition 13.II that the family {g s } s >o is locally rigid at s*. 


Note that Rj is obviously different from zero, once we are considering only 
positive scalar curvature. 

Theorem 4.1. Let (. M\,g W) be a compact Riemannian manifold with positive 
constant scalar curvature and a compact manifold with boundary, having 

positive constant scalar curvature and minimal boundary dM 2 . Assume that the 
pair (c/^ 1 *,^ 2 *) is nondegenerate. For all s £ ( 0 ,+00), let~g s = © s'g^ be the 

metric on the product manifold with boundary, M = M\ x M 2 . Then there exist 
a sequence tending to 0 and a sequence tending to +00 consisting of bifurcation 
instants for the family {ff s }s>o- 


Proof. We prove that bifurcation instants consist of subsequences of the two se¬ 
quences of instants where J s is singular, whose existence was proved above. 

With the same notation used in Corollarv l4.ll let no > 0 be such that si 1 * < s^ 2 * 
and s^ 1 * < si 2 *, for all n > uq. Then, there is a e > 0, for all n > no, such that the 
operator J7(.) is an isomorphism on the intervals [si 1 * — e, si 1 * +e] and [si 2 * — e, si 2 * +e] , 
except for the instants si 1 * and si 2 * themselves. 

As the zeros of the increasing eigenvalue functions accumulate at 0 and the 
zeros of the decreasing eigenvalue functions accumulate at 00 , if o p , q is a non¬ 
increasing eigenvalue function, for all s £ ( 0 , si 1 * + e], n > no, we have <r Piq (s) 0 . 
So, CTp )? (si 1} — e) < 0 if and only if t 7 Pig (sn* + e) <0. On other hand, if we 
consider an increasing eigenvalue function cqj, for all n > no, we have cqy (si, 1 *) = 0 , 
&i,j{sn^ — e) < 0 , cr i j(sn' > + e) > 0 and the fact that si 1 * < s^ 2 * ensures that there 
is no decreasing function that vanishes at si 1 * . Hence, we can surely conclude that 
n s ( - 1 '>-e ^ n s (1) +e' By Theorem 13. II it follows that the subsequence (si 1 *) n>no is the 
sought sequence of bifurcation instants tending to 0 . 
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Now, analyzing non-decreasing eigenvalue function and decreasing eigenvalue 
function in a similar way, we obtain n s ( 2 >_ e 7 ^ n s ( 2 ) and can apply Theorem 13.II 

(n) 

to conclude that the subsequence (sii )n>n 0 is the sought sequence of bifurcation 
instants tending to 00 . ■ 

Note that the case of degenerate pairs cannot be treated with Theorem 13.11 
because in this case, the zero is present in the spectrum of the operator J a , for all 
s £ ( 0 ,+ 00 ), and thus the hypothesis of the theorem are never satisfied. Another 
interesting observation is that at degeneracy instants s between and s ^ 2 " 1 we do 
not know, by Theorem 14.11 if bifurcation occurs. 


4.2 The case of non-positive scalar curvature 

Now, consider the family {j? s } s >o on the product manifold Mi x M 2 in the case 
when one or both scalar curvatures, R g o) or R g ( 2 ), are non-positive, maintaining 
the Neumann boundary condition on DM 2 - Observe that, if R g o) and R g ( 2 ) are 
both non-positive, the pair is nondegenerate. 

If R g (1 j < 0 and RgW > 0, then the pair (</^, <c 2 ') is degenerate if and only if 

R g ( i) = 0 and pfj = as pf ) > 0 , V* £ { 0 , 1 , 2 ,.. .}. 

Theorem 4.2. The following statements are true. 

(a) If R g o) < 0 and R g( 2 ) < 0 , then the family {g s } s >o has no degeneracy instants, 
and thus it is locally rigid at every s £ ( 0 , +00). 

(b) If R g o) < 0, R g ( 2 ) > 0, and the pair (g^\g^) is nondegenerate, then the 
set of degeneracy instants for J s is a strictly decreasing sequence (s„) ne N 
that converges to 0 as n —> 00. Moreover, every degeneracy instant is a 
bifurcation instant for the family {g s } s >o 

(c) Symmetrically, if R g o) > 0 , RgW < 0 , and the pair (g^ 1 \'g^ 2 ' > ) is nonde¬ 
generate, then the set of degeneracy instants for J s is a strictly increasing 
unbounded sequence (s n )neN and every degeneracy instant is a bifurcation in¬ 
stant for the family { 5 s } s >o- 


Proof. The result follows from an analysis of the functions 


j-oo =pi 1] + -py - 




1 ( 2 ) 


TO — 1 


RgO) + —Rg(.2) 


In case (a), it is straightforward to see that cnj(s) > 0 for all i,j = 0,1,2,...,, 
with i + j >0, so J s has no vanishing eigenvalues and the result follows. 

In case (b), the functions Oij admit a zero only if i > 0 and j < j *. If Sij 
denotes the zero of such a function, we have 


0 < Si , = 


(2) _ ggW 

Pj m—X 


Pi 


(!) 




< 


Rg( 2 ) 


M) 




m —1 


m— 1 


0 , as i 


+00 
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Hence, there is a decreasing sequence (s n ) ng N of degeneracy instants that accumu¬ 
lates on 0. Since (s n )„ g N accumulates only at zero, for each n £ N, exists e > 0 such 
that the interval [s n — e, s n + e] contains only s n as a degeneracy instant. Arguing 
as in the proof of Theorem 14.11 we have n Sn - e ^ n Sri + e . The conclusion follows 
from Theorem 13.11 

Proceeding in a similar way, in case (c), the functions (i lt] admit a zero only if 
i < i* and j > 0 , and we have an unbounded increasing sequence of degeneracy 
instants, each of which is a bifurcation instant for the family {< 7 s } s >o- B 
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